Study Guide
Chapter 1

1-2: Points, Lines, and Planes

A point is a mark of position or location. It has no size or magnitude. Points can be named using
capital letters.

Example:

A straight line is a collection or set of infinite points all in a straight path. It extends indefinitely in
two opposite directions. A line could be named using any two points on it or using a small letter. A
line has no thickness.

Example:

A plane is a collection of points and lines on a flat surface which extends indefinitely in each
direction. A plane has no thickness.

Example:

A plane can be named using at least 3 non-colinear points on it. Points on the same plane are
coplanar. If not, non-coplanar.

Aline segment is a part of a line that has two endpoints and contain all of the points between them.

Example:

4 &)
M~ [

Aray is a part of a line that consists of one endpoint and all the points of the line on one side of the
endpoint. It extends indefinitiely in one direction.

Example:



Opposite rays are two rays that share the same endpoint and go in opposite directions to form a
straight line.

Example:
A C B
--—— —

Postulate/Axiom is an accepted statement of fact. Postulates, like undefined terms, are basic
building blocks of the logical system in geometry.

Postulate 1-1:

@ Postulate 1-1
Through any two points there is exactly one line. t
Line f passes through points A and B, Line ¢ is the only ‘,’r/);/

line that passes through both points.

When you have two or more geometric figures, their intersection is the set of points the figures
have in common.

Postulate 1-2:

ﬁ Postulate 1-2

If twao distinet lines intersect, then they intersect in exactly one point. A B

-— —
AE and DB intersect in point C.

There is a similar postulate about the intersection of planes.

Postulate 1-3:

é Postulate 1-3

If two distinet planes intersect, then they intersect in
exactly one line.

Plane RST and plane WiT intersect in ST. ﬁ »

Postulate 1-4:

ﬁ Postulate 1-4

Through any three noncollinear points there is exactly
one plane.

Points ¢}, R, and 5 are noncollinear. Flane P is the
only plane that contains them.



Postulate 1-5:

G Postulate 1-5 Ruler Postulate

Every point on a line can be paired with a real A B
number, This makes a one-to-one correspondence i *
between the points on the line and the real numbers, T I
The real number that corresponds to a point is called b

a b
the coordinate of the point. f' J’
coordinate of A coordinate of B

The Ruler Postulate allows you to measure lengths of segments using a given unit and to find
distances between points on a number line. Consider line AB below.

The distance between points A and B is the absolute value of the difference of their coordinates, or

A B
— e
& b
AB=|a—b]|

| a - b |. This value is also AB, or the length of line segment AB.

Postulate 1-6:

&Eﬂﬂ Postulate 1-6 Segment Addition Postulate

If three points A, B, and Care collinear and 5 is f— AB
between /A and C, then AB + BC = AC. ¢

BC

[=-1 Bl

= e -

| AC

When numerical expressions have the same value, you say that they are equal. Similarly, if two
segments have the same length, then the segments are congruent.

This means that if AR = CD, then AE = CD, You can also say that if AR = CD, then

AB = CD.
A i in. B A B
. .
c D T b
AB = (D _ AB= (D

The midpoint of a segment is a point that divides the segment into two congruent segments. A
point, line, ray, or other segment that intersects a segment at its midpoints said to bisect the
segment. That is called the segment bisector.

B'is the midpaint
of AC.

£ is a segment
bisector of AC,




An angle is formed by two rays with the same endpoint. The rays are the sides of the angle. The
endpoint is the vertex of the angle.

A

The sides of the angle
— —

are AR and AC,

The vertey is 1,

You can name an angle by:

e [tsvertex
e A point on each ray and the vertex.
e Anumber

One way to measure an angle is in degrees. To indicate the measure of an angle, write a lowercase
m in front of the angle symbol.

A cirlce has 360 degrees, so 1 degree is 1/360 of a circle.

Postulate 1-7:

@ . Postulate 1-7 Protractor Postulate

Consider OF and a point A on one side
of OB . Every ray of the form 0.4 can be
paired one to one with a real number
from 0 to 180,

Types of Angles

& ! Key Concept Types of Angles

acute angle right angle obtuse angle straight angle
¢ X ™ P X
0= x=190 ¥ =90 90 < x < 180 ¥ =180

Postulate 1-8:

@ Postulate 1-8 Angle Addifion Postulate

If point B is in the interior of £ AOC,
then mes AQE + ms BOC = maAODC, A B



Types of Angle Pairs:

é Key Concept Types of Angle Pairs

Definition Example

Adjacent angles are two Zland 2, 23 and /4
coplanar angles with a common \ 3
side, a common vertex, and no

common interior points,

Vertical angles are nwo angles Jland 22, 2 3and < 4 3
whose sides are opposite rays, 4

Complementary angles are two sland #2, /A and 2 B
angles whose measures have a 1 a7 B
sum of 90, Each angle is called 7 . 43 ;

the complement of the other.

Supplementary angles are two s3and 24, ABand £ C

angles whose measures have a )_‘ 137°
sum of 180. Each angle is called /4 .

the supplement of the other.

A linear pair is a pair of adjacent angles whose noncommon sides are opposite rays. The angles of a
linear pair form a straight angle.

An angle bisector is a ray that divides an angle into two congruent angles. Its endpoint is at the

Postulate 1-9 Linear Pair Postulate

If twin angles form a linear pair, then they are supplementary,

L.

angle vertex. Within the ray, a segment with the same endpoint is also an angle bisector. The ray or
segment bisects the angle.

Midpoint Formulas
ﬁ , Key Concept Midpoint Formulas
Description Formula Diagram

On a Number Line

The coordinate of the The coordinate of the 4 M 5
midpoint is the average or midpoint M of AB is “2¢ ] at+h b
mean of the coordinates of 2

the endpaoints.

In the Coordinate Plane

The coordinates of the Civen AR where Alxp )
midpoint are the average and E{x,, 1), the coordinates
of the x-coordinates
and the average of the Xy + % ¥o + 2
y-coordinates of the "”( T T _)'
endpoints,

of the midpoint of AB are




Distance Formula

Key Concept Distance Formula

The distance between two points Alx,, v, ) and Blx,, v, is

d=Vix— )+ (- nk 2 J |
=0
TR

A polygon is a shape with at least 3 sides.

The perimeter P of a polygon is the sum of the lengths of its sides. The area A of a polygon is the
number of square units it encloses.

A polygon of equal size (each side is the same length) is a regulatory polygon, such as an equilateral
triangles or a quadrilateral square.

A polygon of unequal size (each side is a different length) is a complex polygon.

You can also classify a polygon as concave or convex, using the diagonals of the polygon. A diagonal
is a segment tat connects two nonconsecutive vertices in a polygon.

A [
R ¥
T
A convex palygon has no diagonal A concave polygon has at least one
with points outside the polygon. diagonal with points outside the polygon.

Perimeter and Area for Common Shapes

@ Key Concept Perimeter, Circumference, and Area

Square | Triangle
side length s N side lengths a, iy, and ¢, 3 ¢
P = ds T 1 base b, and height h
_ .2 1y [
A =g T P=a+b+c¢ [e—bh—r]
A =1oh
Rectangle Circle
base band height 1 T H T radius rand diameter d .
P =12b+ 2hor —+ +h C=mdorC=2xgr \ 4
b + h) nITE . A=ar '
A = bh b \“-c*’

Note: When describing the area of a polygon, you must use square units.



Parallel and Skew

Key Concept Parallel and Skew

Definition Symbols Diagram
| Parallel lines are coplanar :A_i::| ?L b c
| lines that do not intersect, AD || BC '
| The symbol | means “is i
| parallel 0" A1 7B
| He-d---Jg
| . L L -

Skew lines are AB and CG are skew. -

noncoplanar; they are £ F

not parallel and do not

intersect. Use arrows 1o show

- e e
AE|| BF and AD || BC.
Parallel planes are planes plane ABCD || plane EFGH

that do not intersect.

bN v,

A transversal is a line that intersects two or more coplanar lines at district points.

Interior

Exterior

Angle Pairs formed by Transversals

@ Key Concept Angle Pairs Formed by Transversals

Definition Example
Alternate interior angles are Sdand 26
nonadjacent interior angles Z3and £ 5
that lie on opposite sides of the

transversal.

Same-side interior angles are Z4and /5
interior angles that lie on the Z3and /6

same side of the transversal,

Corresponding angles Z1and 25
lie on the same side of Zdand 28
the transversal  and in S 2and 26
caorresponding positions. Z3and £ 7
Alternate exterior angles are Z1and £ 7
nonadjacent exterior angles Z2and 28

that lie on opposite sides of the
transversal.




w Postulate 3-1 Same-Side Interior Angles Postulate

Postulate If... Then ...

If a transversal intersects o] m ms4 + mis = 180
wo parallel lines, then ms3 + msG = 180
same-side interior angles
are supplementary.

@ Theorem 3-1 Alternate Interior Angles Theorem

Thearem If... Then...
If a transversal intersects & m LA= LG
two parallel lines, then S3= 45
alternate interior angles
are congruent.

Theorem 3-2 Corresponding Angles Theorem

Theorem If... Then...
If a transversal intersects ¢ ” m f'. _1 L
two parallel lines, then L2= L6
corresponding angles are L3 = LT

S =B

congruent,

¥our vell prows Thearem 3-2 i Exercise 25,

@ Theorem 3-3 Alternate Exterior Angles Theorem

Theorem If... Then...
If & transversal intersects two | m L= LT
parallel lines, then alternate ¢ L2m LB
exterior angles are congruent. 1/2
m
8/7




Theorems 3-4, 3-5, 3-6, and 3-7.

ﬂ Theorem 3-4 Converse of the Corresponding Angles Theorem

Theorem If... Then...
If two lines and a transversal L2=/6 || e
form corresponding angles 'z

that are congruent, then the £ 2

lines are parallel.

ow will prove Thearem 3-4 in Lesson 5%

o

¢ Theorem 3-5 Converse of the Alternate Interior Angles Theorem

Theorem If... Then ...
If two lines and a A= 26 i m
transversal form alternate
interior angles that are
congruent, then the two
lines are parallel.

Theorem 3-6 Converse of the Same-Side Interior Angles Postulate

Theorem If... Then. ..
If two lines and a ms3 + meb = 180 £ m
transversal form same-
side interior angles that
are supplementary, then
the two lines are parallel.

Theorem 3-7 Converse of the Alternate Exterior Angles Theorem

Theorem If... Then . ..
If two lines and a Ll= 27 £ m
transversal form alternate 'I/_/

exterior angles that are £

congruent, then the two
lines are parallel.




T s

.M

Theorem

If twao lines are parallel to
the same ling, then they are
parallel to each other.

If... Then...
al|bandb|c al c

vou will prove Thearem 3-8 in Fxercise 7

@ , Theorem 3-9

L.

Theorem

In a plang, it two lines are
perpendicular to the same
line, then they are parallel to
each other.

If... Then...
mltandn L1 m|n
t
m
n

@ » Postulate 3-2 Parallel Postulate

Through a point not on a line, there is one and only one line parallel to the given line,

P

There is exactly one line through P parallel w €.

w Theorem 3-11 Triangle Angle-Sum Theorem

The sum of the measures of the angles of a triangle is 180,

B

A C

FmsB o maC = 180

Theorem 3-12 Triangle Exterior Angle Theorem

The measure of each exterior angle of a triangle equals the sum of the
measures of its two remote Interior angles,

msl = ms2 + msd

Yo will prove Thearem 3-12 in Exercise 33

4




Slope

ﬁ Key Concept Slope |
Definition Symbaols Diagram
The slope m of a line is the A line conrains the T ¥7]
ratio of the vertical change points (), y, Jand ribe (%2, M)
(rise) to the horizontal change {2 1)
(run] between any two points. rise i

G4

M= fn

\,

Forms of Linear Equations

& . Key Concept Forms of Linear Equations )

Definition Symbols

The slope-intercept form of an equation of v=mx+b

anonvertical line is y = mx + b, where m I

is the slope and b is the y-intercept. slope  y-intercept

The point-slope form of an equation of a L o
nonvertical line is y — y; = m{x — x5}, ! "T' mx —x)

where m1is the slope and (x, ;) is a point y-coordinate  slope  z-coordinate

on the line,

wﬁ Key Concept Congruent Figures |

Definition Example
Congruent polygons have

A B F . i e
congruent corresponding /‘I I\| CO=GH DA=HE
) C G H

parts—their matching sides

and angles. When you name ABCD = EFGH LA =S F: fRh=/sF
congruent polygons, you L0 LG LD e A H
must list corresponding
vertices in the same order,

E A

Congruent figures have the same size and shape. When two figures are congruent, you can slide,
flip, or turn one so that it fits exactly on the other one.

Slide - Tumn r
— e

Flip

—



Theorem 4-1: Third Angles Theorem

Theorem 4-1 Third Angles Theorem

Theorem If... Then...
If two angles of one triangle sA=sDand £ B= AF LC=+LF
are COngruent t two 8]
angles of another triangle, A
then the third angles are /{A\
congruent, g [ F
w Postulate 4-1  Side-Side-Side (555) Postulate
Postulate s Then...
If the three sides of one AR = DFE, BC = EF, AC = DF AABC = ADEF

triangle are congruent to
the three sides of another
triangle, then the two
triangles are congruent.

w Postulate 4-2 Side-Angle-Side (SAS) Postulate

Postulate

If two sides and the
included angle of one
triangle are congruent to
two sides and the included
angle of another triangle,
then the two triangles are
congruent.

If...

AR

=]

AC =

Then..

DE, /A= /D,
DF

B £
A<{ E D<{ ‘3
€ F

NABC = ADEF

w Postulate 4-3 Angle-Side-Angle (ASA] Postulate

If...

Postulate

If two angles and the
included side of one triangle
are congruent to two angles
and the included side of
another triangle, then the
two triangles are congruent.

£ A

L0

= /D, AC = DF,
=/iF

8

Lb}. :
A ¢ @g
D F

Then...
MABC = MADEF

m Theorem 4-2 Angle-Angle-Side (AAS) Theorem

Theorem
If two angles and a
nonincluded side of one

congruent,

triangle are congruent (o two
angles and the corresponding
nonincluded side of another
triangle, then the triangles are

If...
sA=2sD LB= £F,
AC=DF

B

c F
It nﬁﬁ
E

Then...
MNABC = ADEF




Theorem 4-3 lsosceles Triangle Theorem

Theorem If... Then. ..

If two sides of a triangle are AC = BC C fA= /4B C
congruent, then the angles

opposite those sides are ﬁ

congruent. A B A B

w Theorem 4-4 Converse of the Isosceles Triangle Theorem

Theorem If... Then...

If two angles of a triangle LA = s B C AC = BC C

are congruent, then the

sides opposite those angles

are congruent. A B A B
You will prove Thearem 4-4 in Exercise 23,

w Theorem 4-5

Theorem If... C Then ... C

If a line bisects the vertex AC = BC and €O | AR and

angle of an isosceles LACD = £ BCD & A0 =0

triangle, then the line is

also the perpendicular A D B A D B

bisector of the base.

Your will prowe Theorem 4-5 in Exercise 26,

m Corollary to Theorem 4-3

Corollary If... ¥ Then. .. Y

If a triangle is equilateral, XY =7VF =7x AX=,sY=/s7

then the triangle is

equiangular ¥ by X 5

Corollary to Theorem 4-4

Corollary If... % Then... ¥
If & triangle is FN=sV=2s7 XY =Y7=7X
equiangular, then the A

triangle is equilateral.




HL Theorem
w Theorem 4-6 Hypotenuse-Leg (HL) Theorem
Thearem If... Then. ..
If the hvpotenuse APOR and AXVE are right &, APOQR = AXYE
and a leg of one right it = N7, and PO = XY
triangle are congruent
Lo the hypotenuse

P X
and a leg of anather
right triangle, then %\ %\
the triangles are Q R Y ‘
congruent,

ﬁ Theorem 5-1 Triangle Midsegment Theorem

Theorem If... Then...
If a segment joins the D is the midpoint of CA and DE || AB and
midpoints of two sides of a Fis the midpoint of CB NE = %.-HB
triangle, then the segment c -
is parallel to the third side
and is half as long. D E

A B

Yau will prove Thegrem 5-1 in Lesson 6-9.

w Theorem 5-2 Perpendicular Bisector Theorem

Theorem If... Then...

If a point is on the PM L AE and MA = MEB PA =FB
perpendicular bisector

of a segment, then itis P P

equidistant from the
endpoints of the segment,

A M B A M B

Yau will prave Theorem 5-2 in Exercise 32

Theorem 5-3 Converse of the Perpendicular Bisector Theorem

Theorem If... Then...

If a point is equidistant PA = PR PM L ABand MA = MB
from the endpoints of a
segment, then it is on the

perpendicular bisector of P
e &

Your will prove Theorem 5-3 in Exercise 33,

r




w Theorem 5-4 Angle Bisector Theorem

Theorem If... Then ...
If a point is on the bisector TS bisects 2 PQR, SP L OD, 5P = SR
of an angle, then the and SK L QR

point is equidistant from

P
the sides of the angle. s
M 5
q Q
R R

You will prove Theoram 5-d in Exercise 34,

Theorem 5-5 Converse of the Angle Bisector Theorem

Theorem If... Then ...
If a point in the interior SP L QP, SR L QR, 25 bhisects £ POR
of an angle is equidistant and SP = SR

from the sides of the

angle, then the point is on P 4
the angle bisector. s S
# 0 0
R R

¥ind Wil prowe Theorem 5-5 in Exernise 35,

4
|+ - \I
Theorem 5-6 Concurrency of Perpendicular Bisectors Theorem
Theorem Diagram Symbols
The perpendicular bisectors Perpendicular bisectors
of the sides of a triangle PX, PY, and PZ are
are concurrent at a point concurrent at P,
equidistant from the vertices.
PA = PR = P
.
The point of concurrency of the perpendicular bisectors A
of a triangle is called the circumcenter of the triangle.
Since the circumcenter is equidistant from the vertices,
you can use the circumeenter as the center of the circle
. et
that contains each vertex of the triangle. You sav the B C
circle is circumscribed about the triangle.
- \I
Theorem 5-7 Concurrency of Angle Bisectors Thearem
Thearem Diagram Symbols
The bisectors of the Angle bisectors
angles of a triangle are AP, BP, and CF are
concurrent at a point concurrent at P,

equidistant from the

sides of the triangle. BPX = pY = P£L

You will prave Thesrem 5.7 in Exercise 24.

B

The point of concurrency of the angle bisectors of a tiangle is called
the incenter of the triangle. For any triangle, the incenter is
always inside the triangle. In the diagram, points X, ¥, and Z are
equidistant from P, the incenter of AABC. Pis the center of

the circle that is inscribed in the triangle.




ﬁ Theorem 5-8 Concurrency of Medians Theorem

The medians of a triangle are concurrent at a point that is o]
two thirds the distance from each vertex to the midpoint H
of the opposite side. G
_2 _2 _2
DC =307 EC = JEG FC = $FH i ; E
You will prove Thearem 5-8 i Lessor 6-9.

In a triangle, the point of concurrency of the medians is the centroid of the triangle.
The point is also called the center of gravity of a triangle because itis the point where a
triangular shape will balance. For any triangle, the centroid is always inside the triangle.

An altitude of a triangle is the perpendicular segment from a vertex of the triangle to the line
containing the opposite side.

Theorem 5-9 Concurrency of Alfitudes Theorem

The lines that contain the altitudes of a triangle are concurrent.

vou will prove Thearam 5-9 i Lessan 6-3,

The lines that contain the altitudes of a triangle are concurrent at the orthocenter of the triangle.

Acute triangle Right triangle Obtuse triangle

<[l

@ Theorem 5-13 The Hinge Theorem (SAS Inequality Theorem)

Theorem If... Then. ..
If two sides of one triangle meA = msX BC = ¥YZ
are congruent to two sides

X
8 ¥
of another triangle, and
the included angles are not L '\
congruent, then the longer |
1 z
A m=c X

third side is opposite the
larger included angle.

o will prove Theoram 5-13 in Fxercise 25



The sum of the interior measures if a polygon depends on the number of sides the polygon has.

By dividing a polygon with n sides into (n-2) triangles, you can show that the sum of the interior
angle measures of any polygon is a multiple of 180.

Theorem 6-1

@ Theorem 6-1 Polygon Angle-5um Theorem

‘The sum of the measures of the interior angles of an p-gonis (n — 2)180.

An equilateral polygon An equiangular polygon A regular polygon is a

is a polygon with all is a polygon with all polygon that is both

sides congruent. angles congruent. equilateral and equiangular.
Theorem 6-2

¢ Theorem 6-2 Polygon Exterior Angle-Sum Theorem

The sum of the measures of the exterior angles of a polygon, one at
each vertex, is 360.

For the pentagon, m21 + m£2 + mZ3 + mZ4 + ma5 = 360,

au will prove Theoram 6-2 in Fxevcise 39

A parallelogram is a quadrilateral with both pairs of opposite sides parallel.
Parallelograms have special properties regarding their sides, angles, and diagonals.

In a quadrilateral, opposite sides do not share a vertex and opposite angles do not share a side.

B C
AB and CD SAand £ C
are opposite are oppaosite
sites, angles.



Theorem 6-3

Theorem 6-3

Theorem If... Then ...
If a quadrilateral is a ABCDisa 7 AR = CDand BC = DA
parallelogram, then its

B B
apposite sides are congruent. Cj H
A o A
D

Angles of a polygon that share a side are consecutive angles.

Theorem 6-4
Theorem 6-4 )
Theorem If... Then. ..
If a quadrilateral is a ABCDisa i B ¢ miA+ m/B = 180
parallelogram, then its B C D’ msB + maC = 180
consecutive angles are Cj A D omsC+msD =180
supplementary. A D ms D+ ms A = 180
| You will prove Theoram 6-4 in Fxerase 32, 1
Theorem 6-5
Theorem 6-5 |
Theorem If... Then...
If a quadrilateral is a ABCDisa 7. A= sCand AR 2D
parallelogram, then its B C B o C
opposite angles are congruent, m A
A A D
D
Theorem 6-6

Theorem 6-6

Thearem If...
If a quadrilateral is a ABCD s a 7
parallelogram, then its B C

diagonals bisect each other, Cj
A D

You will prove Thegrem -5 in Exercise 13

Theorem 6-7

@ Thearem 6-7
Theorem If... Then...
If three (or more) parallel AB || CO | EF and AT = TF BD = DF

lines cut off congruent
segments on one
transversal, then they cut
off congruent segments
on every transversal,

Yaw will prove Theorem 6-7 in Exevcise 43.




Theorem 6-8 (Converse of Theorem 6-3)

Theorem 6-8
Theorem If... Then...
If both pairs of opposile sides of a B ¢ AB=CD ABCDisa 7
guadrilateral are congruent, then m BC = A B C
the quadrilateral is a parallelogram. A ) g:j

A o

You will prowe Theorem 6-8 o Exercise 20

Theorem 6-9 (Converse of Theorem 6-4) & Theorem 6-10 (Converse of Theorem 6-5)

@ ) Theorem 6-9

Theorem If... Then. ..
Ifan angle of a quadrilateral B C msA + msB = 180 ABCDisa iy

is supplementary to bath D miA + msD = 180 B c
of its consecutive angles, A D Cj
A D

then the quadrilateral is a
parallelogram.

You wll prove Theorem &-9 wn Exercse 21,

Theorem 6-10
Theorem If... Then ...
If bath pairs of opposite angles of a B C sAd=s0C ABCDisa
. L7
quadrilateral are congruent, then A A iB=sD B C
the gquadrilateral is a parallelogram, A b Aijﬂ

You wall prove Thearam 6-10 i Exercise 18,

Theorem 6-11 (Converse of Theorem 6-6)

Theorem 6-11
Theorem If... Then. ..
If the diagonals of a B ABCDisa 7
quadrilateral bisect each E B C
other, then the quadrilateral ATTE D gj
is a parallelogram. A ]

Theorem 6-12

@ . Theorem 6-12

Theorem If... Then ...

If one pair of opposite sides B ¢ BC = DA ABCDisa =7

of a quadrilateral is both Qj EC| DA B ¢
congruent and parallel, A s} m
then the guadrilateral is a A b

parallelogram.

Yau will prove Thearam &-17 i Exarcise 19




Theorem Summary

Concept Summary Provin%e‘l'hlu Quadrilateral Is '
a Parallelogram

Method Source
Prove that both pairs of opposite sides are parallel. Definition of
parallelogram

Prove that both pairs of opposite sides are Theorem 6-8
congraent,

Prove that an angle is supplementary to both of its Theorem 6-9
conseculive angles.
congruent.

Prove that the diagonals bisect each other. Theorem 6-11

Prove that one pair of opposite sides is congruent Theorem 6-12
and parallel,

Diagram
Prove that both pairs of opposite angles are Theorem 6-10 E
<7

i, N

Special Parallelograms

m Key Concept Special Parallelograms

Definition Diagram
A rhombus is a parallelogram with four congruent sides,

A rectangle is a parallelogram with four right angles. T ]
1 [
A square is a parallelogram with four congruent sides and 0
four right angles. 1 1
o
\ 4

The Venn Diagram at the right shows the
relationships among special parallelograms.

Rhombuses Squares




Theorem 6-13 and Theorem 6-14

m Theorem 6-13

Theorem

If a parallelogram is a
rhombus, then its diagonals are
perpendicular.

Theorem 6-14

Thearem If..
If a parallelogram is a
rhombus, then each
diagonal bisects a pair
ol opposite angles.

ABCIis a rhombus

A p <1
ﬂ A
B C

If... Then . ..
ABCD s a rhombus AC L BD

A D A D
BE«C E%

Then ...

S
=]

S
[=-I=rI -

[

You will prove Theorem G-14 i Exercise 45,

Theorem 6-15

ﬁ ) Theorem 6-15

Theorem

If a parallelogram is
arectangle, then its
diagonals are congruent.

If... Then...
ABCDis arectangle AC = ED
A o A o
[ L]
[ []
B c ] c

You will prove Thearem 6-15 i Exercise 41

g




You can determine whether a parallelogram is a rhombus or a rectangle based on the properties of
its diagonals.

Theorem 6-16

@ " Theorem 6-16

Thearem If... Then ...

If the diagonals of ABCDisa 7 and AC L BD ABCD s a rthombus

a parallelogram are A b A )
perpendicular, then

the parallelogram is a

rhombus.

Theorem 6-17 and 6-18

w Theorem 6-17

Theorem If... Then ...
If one diagonal ABCDisais, /1 5= 22, and »3 = 24 ABCD is a rhombus
of a parallelogram A D A n
bisects a pair =7
of opposite
angles, then the
parallelogram is a 1
rhombus, & < # ¢
You will prove Thearem 6-17 in Exercise 23,
Theorem 6-18
Theorem If... Then. ..
If the diagonals of ABCD s a 7, and AC = BED ABCD is a rectangle
a parallelogram are A D A D
congruent, then ] []
the parallelogram
is a rectangle.
1 []
B C B C
You will prove Theorem 6-18 in Exercise 24,




The diagonals, angles, and sides of a trapezoid have certain properties.

hase

A trapezoid is a quadrilateral with exactly one pair of parallel sides. The parallel

sides of a trapezoid are called bases. The nonparallel sides are called legs. The two  leg
angles that share a base of a trapezoid are called base angles. A trapezoid has two
pairs of base angles. base

™ /
base angles leg
[ base angl_lm s

-

An isosceles trapezoid is a trapezoid with legs that are congruent. ABCD below is an B C
isosceles trapezoid. The angles of an isosceles trapezoid have some unique
properties.

Theorem 6-19

@ Theorem 6-19

Thearem If... Then...
If a quadrilateral is an TRAP is an isosceles trapezoid et /AP AR £ A
isosceles trapezoid, then with hases RA and TP R A
each pair of base angles R A =
is congruent,
/ T P
T P

You will prove Thearem 6-19 0 Exercise 45

Theorem 6-20

@ " Theorem 6-20

Theorem If... Then...
If a quadrilateral is an ABCI is an isosceles AC = B0
isosceles trapezoid, then its trapezoid B c
diagonals are congruent. B C
L X
A o

You will prove Theorem 6-20 1 Exercise 5d.

In Lesson 5-1, you learned about midsegments of triangle. Trapezoid also have midsegments. The
midsegment of a trapezoid is the segment that joins the midpoint of its legs. The midsegment has
two unique properties.

Theorem 6-21

w Theorem 6-21 Trapezoid Midsegment Theorem

Theorem If... Then...
If a quadrilateral is a trapezoid, TRAP is a trapezoid with (LY MN|| TP, MN || RA, and
then midsegment MN

(2) MN = .l( T+ RA
(1} the midsegment is parallel R A s

to the bases, and
(2} the length of the
midsegment is half the sum of T -]
the lengths of the bases.

M N

o well prowve Theorsm 627 in Lesson 6-9.



Theorem 6-22

m Theorem 6-22

Theorem If... Then. ..
If a quadrilateral is a kite, ABCD is a kite AC L BD
then its diagonals are ] B
A C A c
D D

Relationships Among Quadrilaterals Summary

@ Concept Summary Relationships Among Quadrilaterals

CQuadrilateral

Only 1 pair of
parallel sides

Trapezoid
- Rectangle
1 []
T
|sosceles (T[]
trapezoid 1 Square -+
(1, [




w Key Concept Formulas and the Coordinate Plane )

Formula When to Use It
Distance Formula To determine whether
d = ‘\a’f{x‘-,_ — X )+ (s — 12 -m:des are Congruent
« diagonals are congruent
Midpoint Formula To determine
M= (Jl'l + xa ¥ + .}*_r) » the coordinates of the midpoint of a side
2 ' 2 « whether diagonals bisect each other
Slope Formula To determine whether
o= B h » opposite sides are parallel

X — X

« diagonals are perpendicular
» sides are perpendicular
b "

You can use coordinate geometry and algebra to prove theorems in geometry. This kind of proof is
called a coordinate proof.

Plan a coordinate proof of the Trapezoid Midsegment Theorem (Theorem 6-21).
(1} The midsegment of a trapezoid is parallel to the bases,
(2) The length of the midsegment of a trapezoid is half the sum of the lengths of

the hases.
Step 1  Draw and label a figure. Step 2 Write the Given and Prove statements.
Midpaoints will be involved, so use Use the information on the
multiples of 2 to name coordinates. diagram to write the statements.
¥ Given: MN is the midsegment
b, 29 Al2d, 2 of trapezoid ORAP.
M W Prove: MN || OF, MN | RA,
X MN = }(OP + RA)
0 P{2a,0)

Step 2 Determine the formulas vou will need. Then write the plan.
o First, use the Midpoint Formula to find the coordinates of M and N,

« Then, use the Slope Formula to determine whether the slopes of MN, OP,
and RA are equal, If they are, MN, OP, and RA are parallel,

« Finally, use the Distance Formula to find and compare the lengths of
MN, OF, and RA.



A ratio is a comparison of two quantities by division. You can write the ratio of two
numbers a and I, where b # 0, in three ways: %, a t b, and ato b, You usually express a
and [rin the same unit and write the ratio in simplest form.

An equation that states that two ratios are equal is called a proportion. The first and last
numbers in a proportion are the extremes. The middle two numbers are the means.

[ extremes—]
3.3 =4.5 Oxiremes —r

PO means — {3 ><"5)

ITVELINE

Key Concept Cross Products Property

Words Symbaols Example

In a proportion, the product If}, = %, where b # 0 and 4 =od

of the extremes eguals the d # 0, then ad = be. Faefi=3r 4
product of the means, 12 =12

m Key Concept Properties of Proportions

a, Iy, o, and d do not equal zero.

Froperty How to Apply It
(1} % = = is equivalent (o f—: =4 Write the reciprocal of each ratio.

i

(4]

C; = %) becomes i =1

[2}% = ﬁis equimlenttﬂ% = '% Switch the means,
2 4 2 3
Ef’g becomes 3 = z.
(3}% = f—!.j_g equivalent to “j_' =£ L d In each ratio, add the denominator to the

numerator,

24 2+3_4+46
1% becomes 3 P




w Postulate 7-1 Angle-Angle Similarity (AA ~) Postulate

Postulate

If two angles of one
triangle are congruent
0 two angles of another
triangle, then the
triangles are similar.

LY

If... Then...

L8 sAMand AR AL ASRT ~ AMLP

L

w Theorem 7-1

Theorem

Il an angle of one triangle is
congruent to an angle of a
second triangle, and the sides
that include the two angles
are proportional, then the
triangles are similar.

Theorem 7-2

Theorem

It the corresponding
sides of two triangles are
proportional, then the
triangles are similar.

Side-Angle-Side Similarity (SAS ~) Theorem
If.. Then...

;l.,—ﬁ = 2Cand 24 = £Q SABC ~ AQRS

f“j 0
s ¢ A
R 5
You will prove Theorem 7-1 in Exercise 35

Side-Side-Side Similarity (S55 ~| Theorem

If... Then...
AB _ AC _ BC MABC —~ SRS
R 05 RS
A Q
A\
R 5

You wall prove Thearswm 7-2 in Exercise 36,




@ : Theorem 7-3

Theorem
The altitude to the hypotenuse of a right triangle divides the triangle into
two triangles that are similar to the original triangle and to each other,

If... Then. ..

SABC s aright triangle SAABC ~ AACD
with right £ ACR, and MABC ~ ACED
CD is the altitude to the AACD ~ ACRD
hypotenuse

Corollary If... Then...
The length of the altitude to the C AD _ LD
hypotenuse of a right triangle is the Lo b

geametric mean of the lengths of the
segments of the hypotenuse,

A [} 8
Example )
. Segments of — ~— altitude to
hypotenuse hypotenuse

Yau will prove Corollary T in Exercise 42

ﬂ Corollary 2 to Theorem 7-3
Corollary If... Then. ..
‘The altitude to the hypotenuse of a right c AR _ AC
triangle separates the hypotenuse so that AC  AD
the length of each leg of the triangle is AB _ CR
the geometric mean of the length of the CE — DB
hypotenuse and the length of the segment A p g
of the hypotenuse adjacent to the leg,
Example Hypotznuse
e \\ ‘ o~ Leg
-— Segment of hypotenuse

[ adjacent to leg
i

=

vau will prave Carallary 2 in Exercise 43,




& Theorem 7-4 Side-Splitter Theorem
Theorem If... Then...
If a line is parallel to one side e I 5V AR _¥S
of a triangle and intersects the 4] ke sQ
other two sides, then it divides
those sides proportionally. 2 ¢
X - Y
¢ Corollary Corollary to the Side-Splitter Theorem
Corollary If... Then ...
ree parallel lines intersect alble A 4 " kW " a3 -
two transversals, then the E/ ¥
segments intercepted on the b - + >
transversals are proportional, / \
c c . Y
4 z

Yo will prowe the Corallary fo Thearem 74 in Exercise 46

@ Theorem 7-5 Triangle-Angle-Bisector Theorem

Theorem If...
If a ray bisects an angle of a AD hisects £ CAE cD
triangle, then it divides the DR
opposite side into two segments A
that are proportional to the
other two sides of the triangle. B

C D

You will prave the Triangle-Angle-Guector Thearam in Exercme 47,

Then...



mﬂwmﬂm 8-1 Pythagorean Theorem

Theorem If...
If a triangle is a right AABC is a right triangle
triangle, then the sum B

of the squares of the
lengths of the legs is
equal to the square
of the length of the
hypotenuse.

Then...

(leg, ¥ + (leg,)* = (hypotenuse)®

at + b? = g2

You will prove Theorem &1 in Exercise 43

A Pythagorean triple is a set of nonzero whaole numbers a, &, and ¢ that satisfy the
equation a2 + b* = 2 Below are some common Pythagorean triples.

34,5 3,012, 13

7 thearem 8:2 Comers ofhe Phagasan Thaorm

Thearem If...
If the sum of the squares of
the lengths of two sides of a
wriangle is equal to the square
al the length of the third side,
then the triangle is a right

triangle.

at + bt =2

\

8, 15,17

T, 2d, 25

]

Then...
MABC is aright triangle

i will prove Theorem 8-2 n Fxarrise 52,

4

w Theorem 8-3

Theorem

Tf the square of the length of the
longest side of a triangle is greater
than the sum of the squares of the
lengths of the other two sides, then
the triangle is obtuse,

Theorem 8-4

Theorem

If the square of the length of the
longest side of a triangle is less
than the sum of the sguares of the
lengths of the other two sides, then ]
the triangle is acute.

Then...
MARC is obituse

A
You will prave Thearemn 8-3 i Exercise 55

Then ...
SARC s acute

A
Yo well prove Theorem 8-4 in Exercise 54,




. ™
Theorem 8-5 45°-45°-90° Triangle Theorem
In a 45°-45°-90° triangle, hoth legs are congruent and the
length of the hypotenuse is V2 times the length of a leg. 2
5
hypotenuse = V2 « leg ]
5
v

w Theorem 8-6 30°-60°-90° Triangle Theorem )

In a 30°-60°-90° riangle, the length of the hypotenuse is
twice the length of the shorter leg. The length of the longer
leg is %3 times the length of the shorter leg,

hypotenuse = 2 « shorter leg
longer leg = 3 - shorter leg P

@ Key Concept Trigonometric Ratios '

_ length ofleg opposite 24— 4 E
SIE of £ = length of hypotenuse €
. _ length of leg adjacent o 24 s
cosine of /A length af hypotenuse e :
_lengthoflegopposite 24— 4
tangent of £ A length of leg adjacentto 24 B A L] C

Suppose a person on the ground sees a hang glider ata
38° angle above a horizontal line. This angle is the angle of
elevation.

At the same time, a person in the hang glider sees the person
on the ground at a 38" angle below a horizontal line. This
angle is the angle of depression.

Angle of

depressian

Notice that the angle of elevation is congruent to the angle of
depression because they are alternate interior angles.

Essential Understanding You can use the angles of
elevation and depression as the acute angles of right triangles
formed by a horizontal distance and a vertical height,




Key Concept Law of Sines

Forany & ABC, let the lengths of the sides opposite angles A, B, and Cbe a, b, and ¢, respectively,
Then the Law of Sines relates the sine of each angle to the length of the opposite side.

sin A _ sin _ sinC C
i (i) C

ﬁ Key Concept Law of Cosines

For any &ABC, the Law of Cosines relates the cosine of each angle to the side lengths
of the triangle,

at = I* + ¢ — 2bccos A
b* = a® + ¢ — 2accos B b a
& =a"+ I* — 2abeos C

A transformation of a geometric figure is a function, or mapping that results in a change in the
position, shape, or size of the figure.

In a transformation, the original figure is the preimage. The resulting figure is the image. A
transform that preserves distance and angle measures is called a rigid motion.

@ Key Concept Translation

A translation is a transformation that maps all
points of a figure the same distance in the
same direction,
You write the translation that maps S ABC onto A
SMAEC as TIAABRC) = AA'BC . Atranslation is a -
rigid motion with the following properties.
If T( AABC) = AABC, then
« AA"=EBE = CC
« AR = AB,BC = BC AC = AC
e mLA T mEA T mER = miB, mAC = malT




WKeyCmcept Reflection Across a Line

A reflection across a line m, called the
line of reflection, is a transformation
with the following properties:
o Ifapoint A is on line m, then the
image of A is itself (thatis, A" = A).
« Ifapoint B is not on line m, then m
Is the perpendicular bisector of BR'.
You write the reflecion across m that
takes P to P"as B, () = P

The preimage B and
its image 8° are
equidistant from
the line of reflection.

¢ Property Properties of Reflections

» Reflections preserve distance,

If R,(A) = A", and R,,(B} = B', then AE = A'F".

« Reflections preserve angle measure,

If R, (£ ABC) = £ A'B'C', then mis ABC = mZA'B'C.
+ Reflections map each point of the preimage to one and
only one corresponding point of its image.
R (A) = A ifand onlyif B (A7) = A

m Key Concept Rotation About a Point

A rotation of ¥* about a point ¢, called the
center of rotation, is a transformation with

these two properties:

msVOV' = x,

The number of degrees a figure
rotates is the angle of rotation.

A rotation about a point is a rigid motion.
You write the x° rotation of & UVW about
point Qas ry,- oy LUVIV) = AUV

“}x

W

&film

« The image of () is itself (that is, () = Q). Qo -5 —_— o The preimage V and

« Forany other point V, @V = OV and

—, its image V"are

~y . equidistant from

}TW
u

ﬁ Key Concept Rotation in the Coordinate Plane

e, oylx ¥} = =y x)

4

G=3 1) »
a2

T X

-6 -4 -2 |0 24 |6

-2

Flamre, t’J}(xJ ¥l =iy —x)

s, o)lx ¥ = (—x =y

o)
L62.3)
2
By x
—6 -4 -3 N[ [ 246
£2

Gl (12 —3]‘

T{z60°, 0][—1'-.1'} = (ny)

]
4
,Qﬁﬂ
oy
r/' ‘f,‘ x
6 -4 -1 h][f1T4T6e
1360

the center of rotation.




The term isometry means same distance. An isometry is a transformation that preserves distance,
or length.

Theorem 9-1

The composition of two or more isometries is an isometry.
L A
,, ;

There are only four kinds of isometries.

Translation Rotation Reflection Glide Reflection
R o :
~..R =R RiA R.__., 0
« Al E

@ Theorem 9-2 Reflections Across Parallel Lines

A compaosition of reflections across two parallel lines is
a translation.

You can write this composition as

(R, = R(AABC) = AAYBC”

or Ry (R 8ABC)) = AATETCR.

A

AA”, BB, and CC" are all perpendicular to lines ¢ and m.

@ : Thearem 9-3 Reflections Across Intersecting Lines

A compaosition of reflections across two intersecting lines is a rotation.

You can write this compaosition as (R, = R)(AABC) = AARCY
or R (R{AABC)) = AATR"C,

The figure is rotated about the point where the two lines intersect. Tn
this case, point 0},

Key Concept Congruent Figures

Two figures are congruent if and only if there is a sequence of one or more rigid motions that
miaps ong figure onto the other,




9-6: Dilations
w Key Concept Dilation

A dilation with center of dilation C and scale

factor n, n = 0, can be written as Dy, ¢). A dilation ) :

is a transformation with the following properties. -

+ The image of Cis itself (thatis, T = C). L 0

« Forany other point B, B’ is on CR and e I
CR' = n- CRorn =5 EIEEpey -

-
- oh O =C R R
« Dilations preserve angle measure, -

The scale factor i of a dilation is the ratio of a length of the image to the corresponding
length in the preimage, with the image length always in the numerator. For the ligure

shown on page 587, n = % = % = FTE" = %%-

A dilation is an enlargement if the scale factor n is greater than 1, The dilation is a
reduction if the scale factor nn is between D and 1.

B.’ cw F G
; ¢ e,
/ / d A
A=A D o E B H
Enlargement Reduction
center A, scale factor 2 center C, scale factor :1_1

Key Concept Similar Figures

Two figures are similar if and only if there is a similarity transformation that maps one figure
onto the other.




Wmnmm 10-1 Area of a Rectangle

The area of a rectangle is the product of its base and height. ] ]
A = bh h

Theorem 10-2 Area of a Parallelogram

The area of a parallelogram is the product of a base and the
corresponding height.
A= bh

[=—b—]

L

A base of a parallelogram can be any one of its 4
sides. The corresponding altitude is a segment N

perpendicular to the line containing that base, Altitude
drawn from the side opposite the base. The ALLELES

height is the length of an altitude.

@ Theorem 10-3 Area of a Triangle

The area of a triangle is half the product of a base and the

corresponding height, A
A= %hh

f—b—

A base of a triangle can be any of its sides. The corresponding height
is the length of the altinude to the line containing that base, ‘



The height of the trapezoid is the perpendicular distance between the bases.

é Theorem 10-4 Area of o Trapezoid

The area of a trapezoid is half the product of the height and
the sum of the bases.

A = hiby + by)

5

ﬁ Theorem 10-5 Area of a Rhombus or a Kite

The area of a rhombus or a kite is half the product
ol the lengths of its diagonals, oy

A=1ad,

Rhomibis

Kite

Essential Understanding The area of a regular polygon
is related to the distance from the center to a side.

You can circumscribe a circle about any regular polygon, The
center of a regular polygon is the center of the circumscribed
circle. The radius of a regular polygon is the distance from the
center to a vertex, The apothem is the perpendicular distance
from the center to a side.

Center

Radius

Apothem

Postulate 10-1

If two figures are congruent, then their areas are equal,

Theorem 10-6 Area of a Regular Polygon

The area of a regular polygon is half the product of the apothem and
the perimeter.

:'1.=%ap




m Theorem 10-7 Perimeters and Areas of Similar Figures

If the scale factor of two similar figures is %. then
(1} the ratio of thelr perimeters is E and

(2} the ratio of their areas is f;z—l
.

G Theorem 10-8 Area of a Triangle Given SAS

The area of a triangle is half the product of the lengths of E
two sides and the sine of the included angle.

™~

Area of /ABC = Lhe(sin A)

%,

In a plane, a circle is the set of all points equidistant from a given point called the
center. You name a circle by its center. Circle P (22 P) is shown below,

A diameter is a segment that contains the center of a circle and has both endpoints
on the circle. A radius is a segment that has one endpoint at the center and the other
endpoint on the circle. Congruent circles have congruent radii. A central angle is an
angle whose vertex is the center of the circle.

.Pisﬂ'ler:Enteruf .. /‘/’_\ S
the circle. i \_ ABis a diameter. |

£ APCis a central - ~__ PCisaradius, |

| angle.

Essential Understanding You can find the length of part of a circle’s
circumference by relating it to an angle in the circle.

An arcis a part of a circle. One type of arc, a semicircle, is hall of a circle. A minor arc is
smaller than a semicircle. A major arc is larger than a semicirele. You name a minor arc
by its endpuoints and a major arc or a semicircle by its endpoints and another point on
the arc.

R
I

STRisa

: " RSis a minr arc.
major arc. [ |



m Key Concept Arc Measure

Are Measure Example
The measure of a minor arc is equal
to the measure of its corresponding
central angle.

The measure of a major arc is the
measure of the related minor are
subtracted from 360.

The measure of a semicircle is 180,

m]‘if = msRST = 50
mTOR = 360 — mRT
= 310

Adjacent arcs are arcs of the same circle that have exactly one point in common,
You can add the measures of adjacent arcs just as you can add the measures of

adjacent angles,

The measure of the arc formed by two adjacent arcs is the sum

of the measures of the two arcs,

mABC = mAE + mBC

Postulate 10-2 Arc Addition Postulate

C

The circumference of a circle is the distance around the circle, The number pi { 7] is the

ratio of the circumference of a circle to its diameter.

The circumference of a circle is 7 times the diameter,
C=mnmdorC = 2xar

b

Theorem 10-9 Circumference of a Circle

AW,

Vi
\

ﬁ : Theorem 10-10 Arc length

The length of an arc of a circle is the product of the ratio
measure athe e 4 4 the circumference of the circle,
length of AR = ";’F’:‘.IE - 2
_ n::‘l_E: .
T

Y

o




Theorem 10-11 Area of a Cirde

The area of a circle is the product of & and the square of the radias,

A=

A sector of a circle is a reglon bounded by an arc of the circle and the two R 3
radii to the arc's endpoints, You name a sector using one arc endpoint, the
center of the circle, and the other arc endpoint

The area of a sector is a fractional part of the area of a circle. The area of a

sector formed by a 607 arc is %, ar %, of the area of the circle. Sector RPS

Theorem 10-12 Area of a Sector of a Circle

The area of a sector of a circle is the product of the ratio A

—measuriﬁtg the arc and the area of the circle. ‘
: B

Area of sector AOB = ":;%" .«

=

A partof a circle bounded by an arc and the segment joining its
N Segment
endpoints is a segment of a circle. of 3

To find the area of a segment for a minor arc, draw radii to form a sector. circle

The area of the segment equals the area of the sector minus the area of
the T_riangle formed.

I(qr Concept Area of a Segment

CRC

Area of sector - Area of triangle = Area of segment




A polyhedron is a space figure, or three-dimensional figure, whose surfaces
are polygons. Each polygon is a face of the polyhedron. An edge is a segment
that is formed by the intersection of two faces. A vertex is a point where three
or more edges intersect.

Euler’s Formula:

For polyhedrons

— = Faces

= Edge

The sum of the number of faces (F) and vertices (V) of a polyhedron is two more than the number of

its edges (E).
F+V=E+2

For nets of polyhedrons

In two dimensions, Euler’s formula reduces to F + V = E + 1, where F is the number of regions formed

by V vertices linked by E segments.
F+V=E+1



A prism is a polyhedron with two congruent, parallel faces, called bases. The other faces are lateral
faces. You can make a prism using the shape of its bases.

Lateral

i
v Mges\‘ , o
. i Eages
Lateral .-';- )
laces e - \.:1."
Pentaganal prism Triangular prism

An altitude of a prism is a perpendicular segment that joins the planes of the bases. The height h of a
prism is the length of the altitude. A prism may either be right or oblique.

T E O e

Right prisms Dbligue prisms

In a right prism, the lateral faces are rectangles and a lateral edge is an altitude. In an oblique prism,
some or all of the lateral faces are nonregular. You may assume that a prism is a right prism unless
stated or picture otherwise.

The lateral area (L.A.) of a prism is the sum of the areas of the lateral faces. The surface area (S.A.) is
the sum of the lateral area and the area of the two bases.

Theorem 11-1: Lateral and Surface Areas of a Prism

@ Theorem 11-1 Loteral ond Surfoce Arsos of o Prism

The lateral area of a right prism is the product of the .
o o & the perimeter
perimeter of the base and the height of the prism

af o hawe
LA = ph
The surface area of a right prism is the saom of the lateral 5| L - -
areq and the areas of the twa bases, z

SA. = LA + 2H
i s the area of a base.



Cylinders

A cylinder is a solid that has two congruent parallel bases that are circles. An altitude of a cylinder is
a perpendicular segment that joins the planes of the bases. The height h of a cylinder is the length of
an altitude.

r"' i
I'--.

Right cylinders Oblique cylinders

In a right cylinder, the segment joining the centers of the bases is an altitude. In an oblique cylinder,
the segment joining the centers is not perpendicular to the planes containing the bases. You may
assume that a cylinder is a right cylinder unless stated or pictured otherwise.

To find the area of the curved surface of a cylinder, visualize “unrolling it”. The area of the resulting
rectangle is the lateral area of the cylinder. The surface area of a cylinder is the sum of the lateral area
and the areas of the two circular bases. You can find formulas for these areas by looking at a net for

a cylinder.

The: circurnference The area B of a hase
ol a bhase is 2ar Is ar,

3 = 2xrt Surface Area = LA, + 2ar

Theorem 11-2: Lateral and Surface Areas of a Cylinder

ﬁl Theorem 11-2 Loteral and Surface Areas of a Cylinder

The: Lateral area all aright cylinder is the product of the
circumierence of the base and the |1ri|;|1| of the cyvlinder
1.A 2ar -+ hoor LA, F £

The surlace area of a right cylinder is the sum of the ==
lateral area and the areas of the o hases,
84, = LA, + 2B or 8.A, = 2arh + 237 B & the area of a base.



A pyramid is a polyhedron in which one face (the base) can be any T
polygon and the other faces (the lateral faces) are triangles that meet at ;’_},E‘p”'" o1
a common vertex (called the vertex of the pyramid.)

Lateral f

—~
Altitude

Base cdge

You name a pyramid by the shape of its base. The altitude of a pyramid
is the perpendicular segment from the vertex to the plane of the base.
The length of the altitude is the height h of the pyramid.

Hexaganal pyramid

Height
A regular pyramid is a pyramid whose base is a regular polygon and

whose lateral faces are congruent isosceles triangles. The slant height / is
the length of the altitude of a lateral face of the pyramid.

Slant
height

You can assume that a pyramid is regular unless stated otherwise.

The lateral area of a pyramid is the sum of the areas of the congruent .
lateral faces. You can find a formula for the lateral area of a pyramid by 4 =7 * i
looking at its net.

L.A.

4{%;4 ] The area of each lateral face is 1554 . s Base s ———

%(-Is]{'

= 3pt The perimeter p of the base is 4s.

Commutative and Assaciative -
Properties of Multiplication

To find the surface area of a pyramid, add the area of its base to its lateral area.

Theorem 11-3: Lateral and Surface Areas of a Pyramid

m Theorem 11-3 Llateral and Surface Areas of a Pyramid

The lateral area of a regular pyramid is half the product of the

perimeter p of the base and the slant height ¢ of the pyramid. i
-1
LA, = 3Pt
The surface area of a regular pyramid is the sum of the lateral
area and the area B of the base, B
SA. =LA + B

Like a pyramid, a cone is a solid that has one base and a vertex that is not in the same
plane as the base. However, the base of a cone is circle. In a right cone, the altitude isa ~ Slant
perpendicular segment from the vertex to the center of the base. The height h is the height
length of the altitude. The slant height / is the distance from the vertex to a point on the /
edge of the base. You may assume that a cone is a right cone unless stated or pictured
otherwise.

Base

The lateral area is half the circumference of the base times the slant height. The formulas for the
lateral area and surface area of a cone are similar to those for a pyramid.



Theorem 11-4: Lateral and Surface Areas of a Cone

w Theorem 11-4 Lateral and Surface Areas of a Cone

The lateral area of a right cone is half the product of the
cireumference of the base and the slant helght of the cone.

LA = %21 {,0r LA = mri

The surface area of a cone is the sum of the lateral area and the
area of the hasa. B

SA =LA + B

Volume is the space that a figure occupies. It is measured in cubic units such as cubic inches, cubic
feet, or cubic centimeters. The volumes V of a cube is the cube of the length of its edge e, or V=e”3

Theorem 11-5: Cavalieri’s Principle

Theorem 11-5 Cavalieri’s Principle

If two space figures have the same height and the same cross-sectional area at every
level, then they have the same volume.

Theorem 11-6: Volume of a Prism

Theorem 11-6 Volume of a Prism

The volume of a prism is the product of the area of the base and the
height of the prism.

i
I
V= Bh JR—

To find the volume of a cylinder, you use the same formula V = Bh that you use to find the volume of
a prism. Now, however, B is the area of the circle.

Theorem 11-7: Volume of a Cylinder

Theorem 11-7 Volume of a Cylinder

The volume of a cylinder is the product of the area of the base and D
the height of the cylinder. h

V= Bh,or V= ar'h




The volume of a pyramid is related to the volume of a prism with the same base and height.

Theorem 11-8 Volume of a Pyramid )
The volume of a pyramid is one third the product of the
area of the base and the height of the pyramid.
V = 2Bh
F

The volume of a cone is related to the volume of a cylinder with the same base and height.

The cones and the cylinder have the same base and height.
It takes three cones full of rice to fill the cylinder,

Theorem 11-9 Volume of a Cone

‘The volume of a cone is one third the product of the area of the
base and the height of the cone.

V= %Bh. orV= %mzh




A sphere is the set of all points in space equidistant from a given
point called the center. A radius is a segment that has one
endpoint at the center and the other endpoint on the sphere. A
diameter is a segment passing through the center with
endpoints on the sphere.

Theorem 11-10: Surface Area of a Sphere

ris the length of the
radius of the sphere.

Theorem 11-10 Surface Area of a Sphere

The surface area of a sphere is four times the product
of & and the square of the radius of the sphere.

5.4, = 4772

i,

Theorem 11-11: Volume of a Sphere

Theorem 11-11 Volume of a Sphere

The volume of a sphere is four thirds the product of 7 and the
cube of the radius of the sphere,

=1
1.-"—3;1:

r'i




s A tangent to a circle is a line in the plane of the
.ﬂ""'f circle that intersects the circle in exactly one point,

B =+——— The point where a dircle and a tangent intersect
\ ii:he point of tangenqr_.
'* BA is a tangent ray and BA is a tangent segment.

A radius of a circle and the tangent that intersects the endpoint of the radius on the circle have a
special relationship.

Theorem 12-1

ﬁ Theorem 12-1

Theorem If... Then. ..
. — — —
If a line is tangent to a AR is tangent to 00 at P AB L op

circle, then the line is
perpendicular to the radius
at the point of tangency.

A

P
o] / B

Theorem 12-2 is the converse of Theorem 12-1. You can use it to prove that a line or segment is
tangent to a circle.

w Theorem 12-2 )

Theorem If... Then...

— _— —
If a line in the plane of a AB L OPat P AR is tangent to &0
circle is perpendicular to A
aradius at its endpoint on
the circle, then the line is P
tangent to the circle, B

viau will prove Thearem 12-2 In Exercise 30




Theorem 12-3

m Theorem 12-3

Theorem If... Then...
If two tangent segments to BA and BC are tangent to ©0 BA = BC
a circle share a common A

. . . B
endpoint outside the circle, -
then the two segments are J
congruent, f

vau will prove Thearem 12-3 an Exerclie 23,

The following theorems and their converses confirm that if you know that chords, arcs, or central
angles in a circle are congruent, then you know the other two parts are congruent.

Theorem 12-4 and Its Converse

m Theorem 12-4 and Its Converse

Theorem
Within a circle or in congruent circles, congroent A

B
central angles have congruent arcs. ‘
C
Converse

Within a circle or in congruent circles, congruent D
arcs have congruent central angles.

If ZAOR = £ COD, then AR = CD,
IfAE = CD, then £ AOB = 2 COD.

v will prowve Thearam 12-4 and its canverss in Frarnises 19 and 35,

Theorem 12-5 and Theorem 12-6 & Their Converses

@ Theorem 12-5 and Its Converse )

Thearem B C
Within a circle or in congruent circles, congruent b’
central angles have congruent chords. A D
Converse

Within a circle or in congruent circles, congraent

If £AOQB = £ COD, then AB = CD.
chords have congruent central angles, : ' e

If AR = G, then £ AOR =/ COD.
Yau will prave Theorern 12.5 and its converse i Exercses 20 and 36.

Theorem 12-6 and Its Converse

Theorem B C
Within a circle or in congruent circles, congraent | \

|
chords have congruent arcs., | { 6 |
!
Converse A 1]
Within a circle or in congruent circles, congruent
args have congruent chords, If AR == CD, then AR = CD,

IfAB = D, then AB = (D,
vau will prove Theorem 12+6 and its converse i Exercises 271 and 37,




Theorem 12-7 and Its Converse

ﬁ Theorem 12-7 and Its Converse

Theorem B

Within a circle or in congruent circles, chords ,‘

equidistant from the center or centers are congruent, k .P
A

Converse e

Within a circle or in congruent circles, congruent o

chords are equidistant from the center {or centers). ) ) — —
If OF = OF, then AB = CD,

If AR = 0, then OF = OF.

it will proves the canverse of Thearem 12-7 in Frevcize 38,

The Converse of the Perpendicular Bisector Theorem from Lesson 5-2 has special applications to a
circle and its diameter, chords, and arcs.

Theorems 12-8,12-9, and 12-10

@ : Theorem 12-8

Theorem If... Then...
In a circle, it a diameter ABisa diameter and AE L €D CE = FDand CA = AD
is perpendicular to a C C
chord, then it bisects "
the chord and its arc. A E B A 1” B
] D
You waill prove Thearem 12-8 i Exercise 22.
Theorem 12-9
Theorem If... Then ...
In a circle, if a diameter AB is a diameter and CE = ED AB L CD
bisects a chord (that is C C
not a diameter), then it ‘n ‘n
is perpendicular to the A B A [
(7 'y
) D
Theorem 12-10
Theorem If... Then ...
In a circle, the AB is the perpendicular AR contains the center of
perpendicular bisector bisector of chord CD [aly]
of a chord contains the C C

center of the circle. ‘-
A B A B

Yiwd will prove Thearem 1.2-101in Exercise 33







An angle whose vertex is on the circle and whose sides are chords of the circle Intercepted 4 .
is an inscribed angle. An arc with endpoints on the sides of an inscribed angle, 2'* E‘B
and its other points in the interior angle is an intercepted arc. In the diagram,
inscribed angle C intercepts arc AB.

Inscribed angle

Theorem 12-11: Inscribed Angle Theorem

é Theorem 12-11 Inscribed Angle Theorem

The measure of an inscribed angle is half the measure /'_ A

olits inlercepted arc. { |

B |
)
¢

miB = 1mAc

You will use three corollaries to the Inscribed Angle Theorem to find measures of angles in circles.

Corollaries to Theorem 12-11: The Inscribed Angle Theorem

Corollaries to Theorem 12-11: The Inscribed Angle Theorem

Corollary 1 Corollary 2 Corollary 3
Twao inscribed angles that An angle inscribed in a The opposite angles of a
intercept the same arc are semicircle is a right angle, quadrilateral inscribed ina
congruent, circle are supplementary,
() :
A
B
A C [ C

You will prove these carallanes in Exercies 31-33

Theorem 12-12

WThwmm 12-12

The measure of an angle formed by a tangent and a
chord is half the measure of the intercepted arc,

vau will prave Theorem 12-12 in Exercise 34



Angles formed by intersecting lines have a special relationship to the related arcs formed when the
lines intersect a circle. In this lesson, you will study angles and arcs formed by lines intersecting either
within a circle or outside a circle.

Theorems 12-13 and 12-14

w Theorem 12-13

The measure of an angle formed by two lines that intersect inside a
circle is half the sum of the measures of the intercepted arcs.

mel = %{L + )

Theorem 12-14

The measure of an angle formed by two lines that intersect outside a circle is half the
difference of the measures of the intercepted arcs.

- B -y - - . i -~

X I{ .5" 1 X ‘_r" 1 x° ._!" l"||1
Z \
» ra 4

mél = %{x - ¥

Yoo wll prove Theorem T2-14 in Exercises 35 and 36,

Theorem 12-15

m Theorem 12-15

For a given point and circle, the product of the lengths of the two segments from
the point to the circle is constant along any line through the point and circle.

a+b=vd (w + xher = (¥ + =}y (¥ + 2dy=1*

As you use Theorem 12-15, remember the following.

e C(Case 1: The products of the chord segments are equal.
e (Case 2: The products of the secants and their outer segments are equal.
e (Case 3: The product of a secant and its outer segments equals the square of the tangent.



The information in the equation of a circle allows you to graph the circle. Also, you can write the
equation of a circle if you know its center and radius.

Theorem 12-16: Equation of a Circle

é Theorem 12-16 Equation of a Circle :

An eguation of a circle with center (i, &) and radius ris
(x — B2+ (v — k)2 = 2.




